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buoyant effect. Secondly the interfacial shear is smaller and in 
many instances the shear force acts in the opposite direction 
compared with the Freon 12-nitrogen mixture (see Table I 
for j;(O)). Furthermore the fact that the buoyant effect 
introduces a larger shear force at the interface for the case 
of Freon 12-nitrogen mixture may promote instability in 

both the vapor boundary layer and the liquid-vapor inter- 
face as pointed out by the experimental work of Spencer 
et al. [7]. They observed the instability of the vapor 
boundary layer while operating on a saturated bulk tem- 
perature from 80 to 100°F and a temperature difference 
between the bulk and the wall being about 2-36°F with a 
mass fraction of the condensable vapor in the bulk form 
0.993 or less. Two heat-transfer results are shown in Fig. 2. 
It is seen that the presence of a small amount of non- 
condensable gas in the bulk may cause a considerable 
reduction in heat transfer such tHat a presence of 0.01 per 
cent of nitrogen in Freon 12 vapor operating at O”F may 
cause a reduction in heat transfer more than 10 per cent. 
It is noted that as the pressure (temperature) at which 
condensation process takes place decreases, the effect of 
noncondensable gas in reducing heat transfer increases. This 
trend is observed in steam-air system studied by Minkowycz 
and Sparrow [5]. Physically, when the operating pressure 
(temperature) decreases, the mixture density decreases. 
Therefore, the ratio of (p&./(& increases. As a con- 
sequence, the interfacial concentration of noncondensable 
gas increases and thus causes a reduction in heat transfer. 
In general, in the case of Freon 12-nitrogen mixture, 
numerical results show that the temperature drop in the 
liquid phase is more pronounced than that in the vapor 
phase. For example (Table 2), when the operating tempera- 
ture, T,, is at 48,l”F with SC = 0.3, IV,, = 0.9999, we 
obtain ‘& = 46.3”F when T, = 166°F. On the contrary, the 
trend is generally opposite in the case of steam-air mixture. 

AS an example [8], we have T, = 200°F with SC = 0.5, 
Wi, = 098 then x = 180.8”F when T, = 177.3”F. It should 
be remarked finally that similarity solution does not exist 
for high bulk concentration of noncondensable gas in the 
case of lighter noncondensable. 
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NOMENCLATURE 

Biot number, hD,/k ; 
equivalent hydraulic diameter, 2ab/(a + b); 
heat-transfer coefficient, 
-k@T@N), = h(T,-- T,); 
Dean number, Re(D,/R)“‘; 
thermal conductivity; 
outward normal at wall; 
local Nusselt number, hD,/k ; 
dimensionless outward normal, N/D,; 
Prandtl number, v/u ; 
radius of curvature; 
Reynolds number, D, m/v ; 
dimensionless radius of curvature, R/De; 

e 
u, u. w. 

x, y,z 
x, y. z, 

T, T/, TO, T,. fluid temperature, freezing temperature of 
liquid, uniform fluid entrance temperature and 
ambient fluid temperature, respectively; 

(I, V, W, velocity components in X, Y, Z directions; 

average axial velocity; 
dimensionless velocity components, 

&~~i?‘~;;,;. 

dimensionless coordinates, 
[(X, Y)lD,, Z/D, (PrR41; 
dimensionless entrance distance where 
solidification begins; 
aspect ratio of a rectangular channel, b/a; 
superheat ratio, (To - T,)/(T,- T,); 
dimensionless temperature difference, 
(T- T,)/(T,- T,); 
bulk temperature, 

j j>dxd y ,/ j jA wdxdy. 

and local wall temperature; 
dimensionless stream function [12,13]; 
average quantity. 
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1. INTRODUCTION 

THE AVAILABLE solutions [l&6] to Graetz problems with 
convective boundary condition are fairly limited and are so 
far confined to straight tubes and parallel-plate channels 
only. The convective boundary condition is of practical 
importance since such effects as wall resistance, thermal 
insulation and external surface resistance can be accommo- 
dated. Furthermore, the limiting cases lead to the constant 
wall temperature (Bi = co) and the perfectly insulated case 
(Bi = 0), respectively. Thus, for most practical cases, the Biot 
number has a finite value. 

Recently, the Graetz problem in curved circular pipes has 
been studied by several investigators [7-l 11. However, these 
investigations have been concerned with the thermal 
boundary condition of constant wall temperature or uniform 
wall heat flux only. It appears that no investigation has 
been reported for the Graetz problem in curved pipes or 
channels with the convective boundary condition in spite 
of its practical and theoretical importance. 

The purpose of this paper is to study the effects of 
convective boundary condition on thermal entrance region 
heat-transfer characteristics and the effect of secondary flow 
on liquid solidification-free zone in curved rectangular 
channels. 

It should be pointed out that the solidification of the 
liquids flowing in curved tubes or channels may occur under 
extreme ambient conditions. In practice, the external heat- 
transfer coefficient may vary circumferentially or axially. 

2. ANALYSIS 

Consider a steady fully developed laminar incompressible 
flow in a curved rectangular channel where at the channel 
section Z = 0 a uniform cooling begins. Using the toroidal 
coordinate system shown in Fig. 1, the energy equation in 
dimensionless form becomes [12,13]. 

ae de w i ae 

%+“ay+1+0iGz 

i a28 

=Pr ax2 1 

a*e 1 ae 
-+ay2+ ~- (1) 

r( 1 + x/r) ax 1 
e = 1 at z < 0, de/an = -Pie, at wall 

ae/ay = 0 along y = 0. (2) 
It is noted that Dean’s original formulation for the curved 
pipe corresponds to the case with l/r = 0. The numerical 
solution of the complete Navier-Stokes equations for the 
flow problem in curved rectangular channels considering 
the curvature ratio effect in the analysis is given in [12,13] 
and the numerical results are utilized in this study. The 
numerical solution reveals that at a certain higher Dean 
number an additional pair of counter-rotating vortex rolls 
appears near the central outer region of the curved channel 
as shown in Fig. 1. The present hydrodynamic instability 
phenomenonis consistent with Dean’s centrifugal instability 
problem [14] in a curved parallel-plate channel flow and 
the instability is found to occur already at Dean number 
K = 202 with the curvature ratio r = 100 in a curved square 
channel [12,13]. The local Nusselt number, l&,/k, can be 
evaluated by considering either the local wall temperature 
gradient or an overall energy balance as, 

Nu, = Bi?l,/(tI,- t?,), 

Equations (1) and (2) are solved by a finite-difference 
procedure using Peaceman and Rachford’s alternating direc- 
tion implicit (ADI) method and a complete account of the 
numerical analysis is presented in [13]. The mesh size 
(M x N) used is similar to that used in fully developed flow 
problem [12,13]. For example, the mesh sizes of 20 x 10 and 
40 x 20 for higher Dean numbers are found to be satisfactory 
from the viewpoint of accuracy and computing time for 
curved square channel. 

In the case of the curved square channel, the two Nusselt 
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FIG. 1. Coordinate system for a curved square channel 
and secondary flow pattern at K = 488 and r = 4. 
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FIG. 2. Temperature profile development at x = 0 and J = 0 
for Pr = 10.05, K = 368 with Bi = 1 and 10. 
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FIG. 3. Development of peripheral wall temperature dis- 
tribution for Pr = 10.05, K = 368 with Ei = 1 and 10. 

number values, Nui and Nu, agree to within 1 per cent, for 
example for Pr = 10.05, K = 488 with Biot numbers 1 and 
10. At K = 0 and Bi = 10, the asymptotic Nusselt number 
of 2.985 also agrees excellently with the value of 2.988 for the 
case of uniform wall temperature (Bi + co). Thus, one may 
conclude that the convergence and accuracy of the numerical 
solution are satisfactory. 

XHEAT-TRANSFER RESULTS 

3.1. Temperaturefield development 

The development of the temperature field along the central 
horizontal and vertical planes of a curved square channel is 
shown in Fig. 2 for Pr = 1005, K = 368 and Bi = 1,lO. The 
corresponding wall temperature distribution 6, around the 
channel periphery is shown in Fig. 3. It is noted that at 
K = 368, an additional pair of vortex rolls already appears 
near the central outer region of the chamtel. Because of the 
nature of the present convective boundary condition, the 
developing wall temperature distribution for 8, is of special 
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FIG. 4. Length of liquid solidification-free zone for Pr = 
0.03, 10.05 and Bi = 1, 10 with K as parameter. 
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FIG. 5. Local Nusselt number variation for Pr = 0.03, 10.05 
and Bi = 10 in curved rectangular channels with aspect 

ratios y = 1, 2, 5, 0.5. 

interest. It is clearly seen that the value of 6, is lowest at the 
inside corners. It should be pointed out that the secondary 
flow is rather weak near the comers. Noting the relationship 
Si/an = - BitI, from equation (2) and the fact that the Biot 
number is constant, it is seen that the distribution of the 
wall temperature gradient atI/& is also similar to the 
distribution for 8, 

3.2. Local Nusselt number result 

The effects of the Dean and Prandtl numbers on the local 
Nusselt number behaviour in the thermal entrance region 
of the curved square channel are studied in [13]. The Biot 
number effect on the local Nusselt number is found to be 
rather small. The asymptotic Nusselt number is of practical 
interest and the results for square channels are given in 
Table 1. 

Table 1. Asymptotic Nusselt number 

Nut ___- 

Pr K Bi = 1 Bi = 10 Bi = m 

- 0 3.009 2.985 2.98 

0.7 100 6.05 1 6.023 6000 
368 11.340 ll@OO IO.760 

55 7.003 6.799 6.793 
10.05 100 8.323 8.127 8.018 

368 16.836 16.390 16.03 1 

It is noted that the Biot number effect is rather small and a 
maximum deviation from the uniform wall temperature case 
(Bi + 00) is only 4 per cent for a given Dean number. Both 
the Prandtl and Dean numbers have the effect of decreasing 
the thermal entrance length [ 131. 

The curvature ratio effect is included in the analysis as an 
independent parameter. However, based on recent investiga- 
tions [15,16] for fully developed laminar heat transfer in 

FIG. 6. Length of liquid solidification-free zone for Pr = 
0.03, IO.05 and Bi = 1, 10 in curved rectangular channels 

with aspect ratios = 1, 7 2, 5, 0.5. 

curved pipes, it may be concluded that for r 2 10, the 
curvature ratio parameter has a negligible effect on local 
Nusselt number. 

3.3. The effect of secondary pow on liquid solidification-free 
zone 

In the case of uniform convective cooling at the outer 
surface with an ambient temperature T, lower than the 
liquid freezing temperature TJ and in view of the wall 
temperature distribution 0, shown in Fig. 3, it is clear that the 
liquid solidification will start at the inner corner point B 
(Fig. 3) when the freezing temperature is reached there at 
some downstream distance referred to as the length of 
solidification-free zone or the solid-phase entrance (z = z,). 
When the solid-phase surrounds the channel inner wall 
completely, the thermal boundary condition for the liquid 
becomes an isothermal one. One may also reason that the 
solidification will start at the inner wall for the case of curved 
circular tubes. The solidification of the liquid metal or 
water in curved channels is of considerable practical 
importance. Apparently, the theoretical analysis on the 
liquid solidification problem [4,5] in a curved tube or 
charnel is not yet available in the literature. 

For a study of the liquid solidification-free zone, it is 
convenient to introduce the superheat ratio parameter [4] 
definedass=(TO-TI)/(Tf-T,)= -I+Bj’,whereOJ<l. 
It is noted that solidification begins when the wall tempera- 
ture &, at inner corners (cold spot) equals 0,. Consequently, 
the superheat ratio E corresponding to the solidification-free 
length zJ can be computed readily. The results for y = 1 
are plotted in Fig. 4 for Pr = 0.03 (liquid metal) and 10.05 
(water) with Dean number as parameter for the cases 
Bi = 1 and 10. Since the present analysis is based on the 
constant physical property assumption, with Pr = 10 for 
water, for example, the temperature difference (To - TJ) is 
practically limited to about 20°C. Furthermore, with 
T, = -0.5”C and - lOO”C, E becomes 40 and 0.2, 
respectively. In interpreting the results shown in Fig. 4, it is 
well to note that as E approaches zero and infinity, zJ also 
approaches zero and infinity, respectively. The trend for 
K = 0 is similar to that reported in [4,6] for straight 
tubes. With Pr = 0.03 and Bi = 1, the secondary flow effect 
seems to be small. It is sufficient here to use the case of 
Pr = 10.05 and Bi = 10 to explain the secondary flow effect 
on solidification-free zone. Apparently, the character of the 
Dean number effect changes at the threshold value of .s * 37. 
Noting that the value of E decreases as the ambient 
temperature T, decreases, with a given E < 37, the secondary 
flow tends to mix the warmer liquid and correspondingly, 
the solidification-free length increases with the increase of 
Dean number. On the other hand, with E > 37 (or relatively 
higher T,) the secondary flow tends to bring the cold spot 
temperature to the freezing temperature at a shorter entrance 
distance zJ. Further physical insight can be gained by 
considering a given value of z, and the corresponding 
different values for the different Dean numbers. 



Shorter Communications 999 

For a given value of Biot number, the secondary how 
effect on the length z, of liquid solidification-free zone is 
greater for larger Prandtl number. For given values of 
Prandtl number and superheat ratio, the Dean number effect 
on solidification-free length is completely opposite depend- 
ing on whether the solidification occurs in thermally 
developing or fully developed zone. 

3.4. Aspect ratio effect 

The results for the typical local Nusselt number and 
solidification free zone for Pr = 10.05 (water) and 0.03 (liquid 
metal) are presented in Figs. 5 and 6, respectively, for 
aspect ratios y = 1,2,5 and 0.5 with Bi = 1 and 10. The 
Nusselt number behavior is characteristically different 
between Pr F 0.03 and 10.05. The fluctuating Nusselt 
number phenomenon before approaching the asymptotic 
value for Pr = 10.05 and K > 171 is somewhat similar to 
the earlier investigations [7,8,11] but the number of fluc- 
tuating cycles before the complete damping is far fewer 
than that shown in Fig. 9 of [8] for the constant wall 
temperature case with Pr = 10 in helical coils. The aspect 
ratio effect can only be seen clearly with the comparable 
Dean numbers. 
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